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Extraction of quantum coherence plays an important role in the theory of quantum informa-
tion and thermodynamics. We introduce a new type of extraction protocol based on the sub-swap
operation between the extracted system and the system which acts as a source of coherence. By
implementing it for a source in the Glauber state of a harmonic oscillator we investigate the con-
ditions under which catalysis of coherence, i.e., repeatable extraction, is possible and discuss the
limits of repeatability in the general case. By comparing the protocol with others in the literature
we demonstrate that although by construction no extra amount of coherence in the combined system
is created, it manages to extract more coherence in a qubit than previously possible.
I. INTRODUCTION
One of the most striking features of quantum mechan-
ics is the notion of superposition, i.e., the idea that a
quantum system can exist in different states simultane-
ously, whether this is an electron passing through both
slits of a screen during interference experiments or a cat
which is both dead and alive inside a box. In the past
few years notions like these have been rigorously defined
both qualitatively and quantitatively and recast into the
resource theory of coherence [1–3] and the resource theory
of quantum reference frames and asymmetry [4–6] with
applications ranging from metrology [7] to biology [8],
thermodynamics [9–14] and the theory of entanglement
[15, 16].
The amount of coherence present in a system is a use-
ful resource which enables one to lift restrictions imposed
by conservation laws and simulate transformations which
would otherwise be impossible. For example conservation
of energy forbids the creation of a pure state in a super-
position of different energy levels, from a system which
starts initially in a state of definite energy. The only
way to achieve this transformation is by extracting the
desired superposition from another source. This can be
achieved by interacting the system with an energy reser-
voir, containing some amount of coherence in the energy
eigenbasis, through an interaction which preserves the to-
tal energy. Coherence extraction protocols therefore are
of particular importance.
In [9] a protocol was proposed known as catalytic co-
herence in which a qubit initially prepared in the ground
state of its Hamiltonian |0〉 can be approximately trans-
formed into the maximally coherent state 1√
2
(|0〉+|1〉) by
interacting with a suitably chosen half-infinite ladder sys-
tem in a superposition of it’s energy eigenstates, through
an energy-conserving unitary operation. Although the
state of the ladder has now been disturbed by the inter-
action, it’s properties allow it to act as a catalyst; the
process can be repeated any number of times allowing
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one to extract in principle an arbitrarily large amount of
coherence without ever degrading the coherence in the
source. As we will see later the chosen interaction cre-
ates additional coherence between degenerate eigenstates
of the total Hamiltonian. This needs to be taken into ac-
count in order to avoid the possibility that the extracted
amount was simply the same amount invested in con-
structing the interaction, calling the catalytic properties
of the protocol into question (see also [17] for additional
criticisms when correlations between the qubits are taken
into account).
Motivated by this we present an alternative extraction
protocol which we call faithful since the interaction be-
tween the system and the source is chosen in such a way
as to not create any extra coherence. When the source of
coherence is a system with an infinite dimensional Hilbert
space then for a suitably chosen initial state it can be
shown that catalytic extraction of maximum coherence
is possible, in accordance with recent results about the
broadcasting of asymmetry of infinite dimensional sys-
tems [18, 19].
As an explicit example we consider the case where
the source of coherence is a harmonic oscillator in the
Glauber state. Apart from catalytic extraction we also
study the situation where the conditions for catalysis no
longer hold. In this case we discuss the limits for re-
peated extraction by demonstrating that the number of
useful repetitions decreases with the size of the extracted
system. Finally by comparing the two protocols in this
latter case, we find that for low values of the coherence
parameter our protocol outperforms the one introduced
earlier and is able to extract more coherence from the
source in the form of qubits.
The letter is structured as follows. In Section II we be-
gin by giving a short introduction to the resource theory
of quantum coherence, as well as a general description of
extraction protocols. In Section III we review the pro-
tocol of [9] and study the amount of coherence that the
interaction creates on the combined system by obtain-
ing it’s coherence power. In Section IV we present our
new protocol and give the conditions for which catalytic
extraction is possible. An explicit example is given in
section V for a source in the Glauber state where the
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2limits of repeated extractions are also discussed followed
by a comparison of the two protocols for extraction to a
qubit. Section VI contains concluding remarks.
II. RESOURCE THEORY OF QUANTUM
COHERENCE
As in any resource theory (see [20] for a recent review)
the resource theory of quantum coherence is defined by
the set of free or incoherent states I and the set of free
or incoherent operations L. Let Aˆ denote a Hermitian
observable of interest. The set of incoherent states is
equal to the set of density operators commuting with Aˆ
I(Aˆ) :=
{
ρ
∣∣∣[ρ, Aˆ] = 0} . (1)
These states are block diagonal, with each block corre-
sponding to a different value of Aˆ.
The set of incoherent operations is now given by all
those completely positive and trace-preserving operations
(CPTP) mapping I to itself
L(Aˆ) :=
{
Λ ∈ (CPTP )
∣∣∣Λ(ρ) ∈ I(Aˆ),∀ρ ∈ I(Aˆ)} . (2)
By demanding Aˆ obey a conservation law, this set can
further be reduced to all those operations Λ ∈ L(Aˆ) sat-
isfying
tr
(
Aˆρ
)
= tr
(
AˆΛ(ρ)
)
∀ρ. (3)
Employing the Kraus decomposition of quantum oper-
ations Λ(ρ) =
∑
i ΛiρΛ
†
i , with
∑
i Λ
†
iΛi = 1, it can be
shown that a sufficient condition for equality in Eq. (3)
to hold for all ρ is given by
[Aˆ,Λi] = 0 ∀i. (4)
In the following we will denote the reduced set of allowed
operations conserving observable Aˆ by Lcons(Aˆ).
By definition any state ρ 6∈ I(Aˆ) which has non-zero
elements ρij in non-diagonal blocks is a resource. These
states are called coherent and their coherence can be
quantified by a non-negative real function C(·) on the
set of density matrices.
Any true measure of quantum coherence must satisfy
two important properties,
i) faithfulness: i.e. C(ρ) = 0 iff ρ ∈ I(Aˆ) and
ii) monotonicity under incoherent operations: i.e.
C(Λ(ρ)) ≤ C(ρ), ∀Λ ∈ L(Aˆ).
An example of such a measure is given by the relative
entropy of coherence [1]
Cr(ρ) = S(D(ρ))− S(ρ), (5)
where S(ρ) = −Tr{ρ log ρ} is the Von-Neumannn en-
tropy and D(ρ) =
∑
i PiρPi, with Pi the projection onto
the subspace corresponding to the value ai, is the de-
phasing operation. In the special case of no degeneracy
another useful measure is given by the `1-norm of coher-
ence [1]
C`1 =
∑
i6=j
|ρij |. (6)
A. Coherence extraction protocols
Let |ai〉 ⊗ |bj〉 be the product basis on Hilbert spaces
HS and HR corresponding to the eigenstates of two Her-
mitian operators AˆS and BˆR respectively, which for sim-
plicity we have assumed are non-degenerate. With the
help of a reference system in state σR 6∈ I(BˆR) contain-
ing coherence with respect to observable BˆR we can sim-
ulate a quantum channel Φ 6∈ L(AˆS) acting on Hilbert
space HS , which can generate coherence in system S.
Specifically suppose ρS ∈ I(AˆS), the desired channel
is constructed by applying an incoherent operation Λ ∈
L(AˆS+BˆR) on the composite system followed by a partial
trace of the reference
Φ(ρS) = trR Λ(ρS ⊗ σR). (7)
Similarly we can also define the induced quantum channel
Ψ on HR by
Ψ(σR) = trS Λ(ρS ⊗ σR). (8)
Note that Ψ belongs to the set of incoherent operations
L(BˆR). To see this let σR ∈ I(BˆR). Since the partial
trace belongs to the set of allowed operations we find with
the help of properties i) and ii) that for any coherence
measure, C(Ψ(σR)) ≤ C(ρS ⊗ σR) = 0. Since C(·) is
always positive, it follows that Ψ(σR) ∈ I(BˆR).
Since Φ 6∈ L(AˆS) and Ψ ∈ L(BˆR) then for any measure
C (Φ(ρS)) ≥ 0 (9)
while
C (Ψ(σR)) ≤ C(σR). (10)
We have therefore succeeded in extracting coherence from
system R and storing it in system S which was initially
incoherent. For this reason we call the protocol associ-
ated with Eqs (7) and (8) a coherence extraction protocol.
III. A˚BERG’S EXTRACTION PROTOCOL
In [9] the reference is a half-infinite ladder system with
Hamiltonian equal to HˆR =
∑∞
n=0En |En〉〈En| and en-
ergies given by En = n0 with 0 ≥ 0, while S is a qubit
with Hamiltonian HˆS = 0 |0〉〈0|. The interaction be-
tween the two systems is given by an energy conserving
unitary operation of the form
V+(U) = |0〉〈0| ⊗ |0〉〈0|+
∞∑
n=1
Vn(U) (11)
3where
Vn(U) =
1∑
i,k=0
Ui,k |Ei〉〈Ek| ⊗ |En−i〉〈En−k| , (12)
and Ui,k are the elements of some unitary operator U
acting on HS .
Let S start out in it’s ground state. If the state of
the reference is chosen such that: i) 〈Ei|σR |Ei〉 = 0 for
i = 0, 1 and ii) tr(∆aσR) ≈ 1 for a = −2, . . . , 2, where
∆ =
∑∞
j=0 |Ej+1〉 〈Ej | is the shift operator then
Φ(|0〉〈0|) ≈ U |0〉〈0|U†. (13)
It is therefore possible to implement any desired trans-
formation on the qubit. Specifically U can always be
chosen such that it’s action on |0〉 results in the maximal
coherent state 1√
2
(|0〉+ |0〉).
A key element of the protocol consists in the fact that
tr(∆aΨ(σR)) = tr(∆
aσR). This means that after rigidly
moving the reference up one level, by pumping energy to
it, it can be reused in a new application of the protocol.
It seems then that the reference can act as a catalyst, the
process can be repeated indefinitely and we can practi-
cally extract an infinite amount of coherence from the
source without ever degrading it’s own this is also known
as the coherence embezzling phenomenon [21]. in direct
contrast with usual results about the degradation of ref-
erence frames [22–24].
Suppose now that the reference starts out in the first
excited state while the qubit is in it’s ground state as
usual. Applying V+(U) on the combined system we ob-
tain
V+(U) |0〉 ⊗ |0〉 = U0,0 |0〉 ⊗ |0〉+ U1,0 |0〉 ⊗ |0〉 . (14)
This means that the interaction creates an extra amount
of coherence between degenerate eigenstates of the com-
bined Hamiltonian HˆS + HˆR. In fact one can calculate
the coherence power of V+(U) [25, 26] for the `1-norm of
coherence and find that
C`1(V+(U)) = 2 max
j=0,1
|U0,j ||U1,j |. (15)
Even though in principle this is not forbidden (the to-
tal energy before and after the interaction is conserved),
it should be taken into account and added to the ini-
tial coherence present in the reference when extraction
protocols are considered, in order to avoid the possibil-
ity that the amount of coherence extracted is simply the
same amount that was invested in implementing V+(U).
In fact for the value of j which maximizes Eq. (15) the
amount of coherence extracted when the qubit starts out
in the j-th level is exactly equal to this amount.
IV. FAITHFUL EXTRACTION PROTOCOL
Let’s consider the general situation in which we wish
to extract coherence to a system with Hamiltonian
FIG. 1. Faithful extraction of quantum coherence from a 6-
dimensional energy ladder to a 3-dimensional system initially
in the ground state. The extraction protocol works by parti-
tioning the larger system into 3-dimensional sub-spaces and
”swapping” each sub-state with that of S. After the extrac-
tion the original amount of coherence in the reference has
been degraded and transferred to the smaller system.
HˆS =
∑d−1
n=0En |En〉〈En| from a D level energy ladder
system R with Hamiltonian HˆR =
∑D−1
n=0 En |En〉〈En|
and energies as before. In what follows we will assume
without loss of generality that D is some multiple of d,
D = Nd.
This time the interaction between the two systems is
given by the following unitary operation
U =
N−1∑
n=0
d−1∑
i,k=0
|Ek〉〈Ei| ⊗ |End + Ei〉〈End + Ek| , (16)
Intuitively the extraction protocol based on U results in
”swapping” a d sub-dimensional state of R with the state
of S (see Figure 1). If the two systems have the same
dimension (d = D) then U is the usual swap operator, for
this reason we call it the sub-SWAP operator or sSWAP
for short.
It is easy to show that UsSWAP is in fact Hermitian as
well as energy conserving
[Hˆ, UsSWAP ] = 0, (17)
where Hˆ = HˆS + HˆR is the total Hamiltonian of the
combined system so UsSWAP ∈ Lcons(HˆS + HˆR). Note
that by construction
C`1(UsSWAP ) = 0 (18)
so the protocol is guaranteed not to create any extra
coherence in the combined system. For this reason we
call it faithful.
Let σR be the initial state of the reference with an un-
bounded dimension and consider the following sequence
of Hamiltonians HˆS(m+1) =
∑d−1
n=0Endm |Endm〉〈Endm |,
with m = 1, 2, . . .. Starting out in the ground state,
it can be shown that the state of S(m) after the the m-th
4extraction, will be given by (for more details see Supple-
mental material)
ρS(m) =
d−1∑
k,k′=0
ρ
(m)
k,k′ |Ekdm−1〉〈Ek′dm−1 | (19)
with
ρ
(m)
k,k′ =
∞∑
n=0
σ
(m−1)
nd+k,nd+k′ , (20)
where
σ
(m)
n,n′ =
dm−1∑
l=0
〈En′dm + El|σR |Endm + El〉 (21)
are the coefficients of the state of the reference after the
m-th extraction
σ
(m)
R =
∞∑
n,n′=0
σ
(m)
n,n′ |Endm〉〈En′dm | . (22)
By a suitable choise of the state of the reference catalytic
coherence is also possible in this setting as we shall now
show.
V. REFERENCE IN A GLAUBER STATE OF
THE HARMONIC OSCILLATOR
Let the reference be a harmonnic oscillator in the
Glauber state1 [27]
|a〉 = e− |a|
2
2
∞∑
n=0
an√
n!
|n〉 , (23)
where a = |a|eiφ is a complex number. With the help of
Eq. (20) the system’s elements after the first extraction
will be given by
ρ
(1)
k,k′ = e
−|a|2+i(k−k′)φ
∞∑
n=0
|a|2nd+k+k′√
(nd+ k)!(nd+ k′)!
. (24)
The fidelity of ρ
(1)
S with respect to the maximally co-
herent state of dimension d, |φd〉 = 1√d
∑d−1
i=0 |i〉 is equal
to
F (φd, ρ
(1)
S ) =
1√
d
(
1 + 2
∑
k′>k
Re(ρ
(1)
k,k′)
)1/2
(25)
1 We refrain from employing the usual terminology of such states
as coherent as to avoid any confusion with the set of coherent
states defined in Section II.
FIG. 2. Fidelity of first extraction from a harmonic oscillator
source in the Glauber state, with respect to the maximally
coherent state, as a function of |a| for systems with dimensions
2 ≤ d ≤ 17. For a → ∞ maximal extraction is possible for
any dimension. Embedded: Fidelity for small values of |a|.
where
Re(ρ
(1)
k,k′) = cos ((k − k′)φ)e−|a|
2
∞∑
n=0
|a|2nd+k+k′√
(nd+ k)!(nd+ k′)!
.
By inspection of Equation (25), it can be seen that for
a fixed value of |a| the maximum fidelity is attained by
setting φ = 0. In Figure 2 we plot the fidelity with respect
to |a| for systems with dimension 2 ≤ d ≤ 17. For large
values of the coherence parameter the fidelity approaches
a constant value. In Section VII. B Lemma 1 it is proven
that in the classical limit of |a| → ∞
lim
|a|→∞
ρ
(1)
k,k′ =
1
d
(26)
so F (φd, ρS) = 1 and one can extract a maximum amount
of coherence for any dimension.
Another interesting limit is given by values of |a| for
which
F (φd, ρS) ' 1√
d
(1 + |a|), |a| << 1. (27)
A. Repeated extractions
In the case of repeated extraction we find that the sys-
tem elements after the m-th extraction are equal to
ρ
(m)
k,k′ =
dm−1−1∑
l=0
Fdm;dm−1k+l,dm−1k′+l
(
|a|2
)
, (28)
where
Fd;k,k′(x) = e
−x
∞∑
n=0
xnd+
k+k′
2√
(nd+ k)!(nd+ k′)!
. (29)
5(a) d = 2 (b) d = 3 (c) d = 4
(d) d = 5 (e) d = 6 (f) d = 7
FIG. 3. `1-norm of coherence extracted from a harmonic oscillator in a Glauber state to a d-dimensional system after m
applications of the extraction protocol. For d ≥ 3 it is practically impossible to extract coherence more than four times. For
|a| → ∞ catalytic coherence kicks in and maximal coherence extraction is possible.
In Figure 3 we plot the `1-norm of coherence after
m consecutive extractions for systems with dimension
2 ≤ d ≤ 7 as a function of |a|. We note that for the range
of coherence parameters we have considered the amount
of coherence extractable after four repetitions of the pro-
tocol becomes practically negligible for d ≥ 4.
Once again in the limit |a| → ∞
lim
a→∞ ρ
(m)
k,k′ =
1
d
(30)
and the amount of extractable coherence is maximized for
any m and given by C`1(ρ
(m)
S ) = d−1. This is exactly the
limit in which catalytic coherence kicks in, demonstrating
that catalysis is also possible under our protocol.
B. Comparison between the two protocols
A˚berg’s protocol can also be applied when the con-
ditions for catalytic coherence no longer hold. Suppose
then that we wish to extract coherence to a qubit from
a slightly shifted version of Eq. (23)
∆2 |a〉 =
∞∑
n=0
an√
n!
|n+ 2〉 . (31)
Since coherence measures are invariant under relabelling
of the basis, both states have exactly the same amount
FIG. 4. `1-norm of coherence after first extraction for a har-
monic oscillator in the Glauber state using the faithful extrac-
tion protocol (top curve in blue) and A˚berg’s protocol (bot-
tom figure in orange). For values of |a| ≥ 2 the two curves
quickly converge.
of coherence, so comparisons between the two protocols
can be made.
If arg a = 0 and U is chosen such as to implement the
transformation from the ground state to 1√
2
(|0〉 + |0〉)
then the coherence obtained after the first extraction will
6be equal to
C`1(ρS) =
e−|a|
2
2
∞∑
n=0
|a|2n+1√
n!(n+ 1)!
. (32)
In Figure 4 we plot the l1-norm of coherence extracted for
both protocols. We note that although faithful extraction
is constructed in such a way as to never introduce any
extra coherence in the combined system (compare Eqs 15
and 18), it manages to outperform the protocol in [9].
VI. CONCLUSIONS
We have introduced a new coherence extraction proto-
col which by construction of the interaction between the
extracted system and the coherence source, does not in-
troduce any extra amount of coherence in the combined
system. Applying the protocol for a harmonic oscillator
source in the Glauber state we found that in the classical
limit of a very large coherence parameter, catalytic co-
herence is possible. Furthermore by studying extraction
away from this limit we showed that there are restriction
in the number of times coherence can be extracted to
a d-dimensional system. Also comparison with A˚berg’s
protocol demonstrated that for this particular example
faithful extraction is better in extracting coherent qubits.
Because of the role that quantum coherence plays
in quantum information and quantum thermodynamics
tasks we expect these results to be of particular interest
and have broad applications in both fields.
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VII. SUPPLEMENTARY
A. Repeated extraction
Suppose that D = Nd and let the initial reference
system be given by
σR =
D−1∑
n,n′=0
σn,n′ |En〉〈En′ | , (33)
where |En〉〈En| with En = n0 and 0 ≥ 0 are the eigen-
states of the Hamiltonian
HˆR =
D−1∑
n=0
En |En〉〈En| (34)
while respectively ρS starts out in the ground state of it’s
Hamiltonian
HˆS =
d−1∑
n=0
En |En〉〈En| . (35)
Applying the following unitary interaction between the
two systems
U =
N−1∑
n=0
d−1∑
i,k=0
|Ek〉〈Ei| ⊗ |End + Ei〉〈End + Ek| , (36)
and tracing out R we find that the state of the extracted
system will be equal to
ρS =
d−1∑
k,k′=0
ρ
(1)
k,k′ |Ek〉〈Ek′ | , (37)
with
ρk,k′ =
N−1∑
n=0
σnd+k,nd+k′ . (38)
The reference system is now disturbed after the extrac-
tion and given by
σ′R =
N−1∑
n,n′=0
σ′n,n′ |End〉〈En′d| (39)
and
σ′n,n′ =
d−1∑
k=0
σnd+k,n′d+k. (40)
If now N = N ′d′ then by repeating the protocol applying
this time an interaction of the form
U ′ =
N ′−1∑
n=0
d′−1∑
i,k=0
|Ekd〉〈Eid| ⊗ |End2 + Eid〉〈End2 + Ekd| ,
(41)
we can extract any remaining coherence to a d′ dimen-
sional subsystem S′ whose Hamiltonian is now given by
HˆS′ =
∑d′−1
n=0 End |End〉〈End|. After extraction we will
find that
ρS′ =
d′−1∑
k,k′=0
ρ′k,k′ |Ekd〉〈Ek′d| , (42)
where
ρ′k,k′ =
N ′−1∑
n=0
σ′nd′+k,nd′+k′ . (43)
In general suppose that the dimension of R is equal to
D = d1d2 · · · dr and let Dm = d1d2 . . . dm, D0 = 1 with
1 ≤ m ≤ r and consider the following sequence of Hamil-
tonians and interactions
HˆS(m) =
dm−1∑
n=0
E(m−1)n
∣∣∣E(m−1)n 〉〈E(m−1)n ∣∣∣ (44)
U (m) :
∣∣∣E(m−1)k 〉⊗ ∣∣∣E(m−1)ndm + E(m−1)i 〉 7→∣∣∣E(m−1)i 〉 ∣∣∣E(m−1)ndm + E(m−1)k 〉 . (45)
with 0 ≤ n ≤ D/Dm − 1, 0 ≤ i, k ≤ dm − 1 and
E
(m)
n = DmEn. After the m-th extraction, the extracted
system S(m) will be equal to
ρS(m) =
dm−1∑
k,k′=0
ρ
(m)
k,k′
∣∣∣E(m−1)k 〉〈E(m−1)k′ ∣∣∣ (46)
while the reference will be reduced to
σ
(m)
R =
D/Dm−1∑
n,n′=0
σ
(m)
n,n′
∣∣∣E(m)n 〉〈E(m)n′ ∣∣∣ , (47)
8FIG. 5. Extraction of quantum coherence from a 12-
dimensional energy ladder. (a) First extraction to a qutrit.
(b)-(c) second and third extractions to qubits (note how in
case (c) the interaction is equal to the swap operation). (d)
The three extracted systems.
where
ρ
(m)
k,k′ =
dm−1∑
n=0
σ
(m−1)
ndm+k,ndm+k′ (48)
and
σ
(m)
n,n′ =
Dm−1∑
k=0
σnDm+k,n′Dm+k, (49)
(see Figure 5 for an illustrative example).
B. Matrix element asymptotics of systems
extracted from a harmonic oscillator in the Glauber
state
Let
Fd;k,k′(x) = e
−x
∞∑
n=0
xnd+
k+k′
2√
(nd+ k)!(nd+ k′)!
(50)
with 0 ≤ k, k′ ≤ d− 1 then
Lemma 1.
Fd;k,k′(x) ∼ 1
d
, x >> 1. (51)
Proof. By employing Laplace’s discrete method for series
[28] and setting
un = e
−x x
nd+ k+k
′
2√
(nd+ k)!(nd+ k′)!
(52)
it is easy to see that
un+1
un
=
(
x
nd
)d√(
1 + k+1nd
) (
1 + k
′+1
nd
) · · · (1 + k+dnd ) (1 + k′+dnd ) .
(53)
For x >> 1 the terms in the sum increase up to n ∼
x
d and then they start to decrease. Let n
∗ = bxd c and
N = b x2dc, Eq. (50) can then be written as
Fd,k,k′(x) =
∞∑
n=N
un +
N−1∑
n=0
un. (54)
The second term in Equation (54) can safely be ignored
since
1
un∗
N−1∑
n=0
un ≤ uN
un∗
N. (55)
By employing Sterling’s approximation we find that
uN
un∗
N =
xN
xn∗
√
2pin∗d(n∗d/e)2n∗d+k+k′
2piNd(Nd/e)2Nd+k+k′
N
=
2
k+k′−1
2
d
x
(e
2
)− x2
= O
[
x
(e
2
)− x2 ]
. (56)
Now for very large n,√
(nd+ k)!(nd+ k′)! = Γ
(
nd+
k + k′
2
+ 1
)
(57)
Eq. (50) can then be rewritten as
Fd,k,k′(x) =
e−xx
k+k′
2
(
E
d, k+k
′
2 +1
(xd)−
N−1∑
n=0
xn
Γ(nd+ k+k
′
2 + 1)
)
(58)
where Eα,β(x) is the two parameter Mittag-Leffler func-
tion. Similar arguments to the ones before show that the
second term in Eq. (58) can be safely ignored with a
relative error equal to that in Equation (56). We now
employ the asymptotic expansion of Eα,β(x) [29]
E
d, k+k
′
2 +1
(xd) =
1
d
x−
k+k′
2 ex+
1
d
∑
s≥1
X
− k+k′2
s e
Xs+O(x−d)
(59)
where Xs = xe
2piis
d . Combining Eqs (58) and (59) com-
pletes the proof.
